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Creation of spectral bands 
for a periodic domain with small windows 

D.I. Borisov 1 ’Q 

1 Institute of Mathematics CC USC RAS & Bashkir State 
Pedagogical University & University of Hradec Kralove 

We consider a Schrodiner operator in a periodic system of strip-like domains cou¬ 
pled by small windows. As the windows close, the domain decouples into an infinite 
series of identical domains. The operator similar to the original one but on one copy 
of these identical domains has an essential spectrum. We show that once there is a 
virtual level at the threshold of this essential spectrum, the windows turns this vir¬ 
tual level into the spectral bands for the original operator. We study the structure 
and the asymptotic behavior of these bands. 


I. INTRODUCTION 


The paper is devoted to a Schrodinger operator subject to the Dirichlet condition in 
a periodic system of unbounded domains coupled by small windows, see Fig. 1. Once 
the windows close, the domain decouples in an infinite series of identical domains. The 
spectrum of the original perturbed operator converges to that of the similar operator but 
in the aforementioned decoupled domain. This limiting set is the spectrum of the similar 
operator on the periodicity cell of the decoupled domain. Each point in the limiting spectrum 
generates a band in the spectrum of the original operator. And our aim is to study the 
structure of such bands. 



The models similar to ours were studied in the series of papers |1] 

Under the assumption that the periodicity cell is a bounded domain, in jl(] , |2|], 
there were obtained either estimates for the bands or asymptotics for the band functions. 
The asymptotics were obtained under the assumption that the limiting spectral point is a 
simple isolated eigenvalue of the limiting operator in the periodicity cell. In 6] the periodicity 
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FIG. 1: Domain 


cell was supposed to be either bounded or unbounded. The limiting spectral point was a 
multiple isolated eigenvalue. For the band functions converging to this limiting eigenvalue, 
the asymptotics were obtained. Thanks to these asymptotics, it was found that typically, 
a multiple limiting eigenvalue generates as many bands as its multiplicity is. It was also 
shown that for one of the bands, the associated band function attains its maximum or/and 
minimum inside the Brillouin zone neither at the center nor at the end-points. 

The present paper can be regarded as a continuation of 6]. Here the periodicity cell is 
assumed to be a strip-like domain. The operator on this domain has an essential spectrum 
which is invariant w.r.t. the windows. As the windows open, from the threshold of the 
essential spectrum there can emerge additional band functions generating extra spectral 
bands for the perturbed operator. We prove that it is indeed the case provided there is a 
virtual level at the threshold of the limiting operator. We describe the asymptotic behavior 
of the emerging bands. We also show that if the multiplicity of the virtual level is two, i.e., 
there are two non-trivial associated resonance solutions, they generate two separate bands 
in the vicinity of the threshold of the essential spectrum. And the band function associated 
with one of these bands attains its minimum and/or maximum at the internal points of the 
Brillouin zone. 

This is a completely new phenomenon in comparison with the results in the above cited 
papers. The main difference is that there the bands shrank to single points which were the 
isolated eigenvalues of the limiting operator on the periodicity cell. In our case the studied 
bands disappear in the essential spectrum of the limiting operator on the periodicity cell, 
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i.e., in the limit, there are even no single points. To the best of the author’s knowledge, such 
phenomenon was not studied before. 

II. PROBLEM AND MAIN RESULTS 

Let x = (xi,x 2 ) be Cartesian coordinates in R 2 , II be an unbounded domain in R 2 with 
C' 3 -boundary possessing the following properties: 

• Domain II lies between the lines X\ = 0 and X\ = d, d > 0, i.e., II C {x : 0 < X\ < d}. 

• For some x|° > 0,, domain II has to straight outlets in the region |x 2 | > ^ 2 ° : 

II PI {x : ±x 2 > x “} = {x : a± < Xi < a± + 1, |x 2 | > x^°}, 
where a± are some fixed constant satisfying 0 ^ a± < a± + 1 ^ d. 

• For some > 0, as |x 2 | > the boundary of II is formed by two vertical segments: 

<911 D {x : \x 2 \ < x °} = {x : X\ — 0, \x 2 \ < Xg} U {x : X\ = d, |x 2 | < x®}- 

By D we denote the domain obtained by translations of II along axis Oxi: 

D := |^J{x : (xi — kd,x 2 ) G II}. 

kG’Z 

This domain is periodic along axis Ox 1 and the periodicity cells have common boundaries, 
a part of them are the vertical segments {x : X\ — kd , |x 2 | < x°}. We couple these cells by 
a periodic set of small windows; the obtained domain is denoted by D e : 

Q e := D U (x : X\ — kd , |x 2 | < e}. 
fcez 

The main object of our study is the Schrodinger operator 

U £ := -A + V 

in subject to the Dirichlet condition. Here potential V is supposed to be infinitely 
differentiable in D and 1-periodic w.r.t. X\. We also assume that V(x) =0 as |x 2 | > x^°. 

Rigorously we introduce % £ as the self-adjoint operator in L 2 (Q £ ) associated with the 
lower-semibounded closed symmetric sesquilinear form 


fuOw) := (Vu, Vu) i2(ne) + (Vu,v) L2{ a £ ) 
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in L 2 ffil £ ) on the domain W 2 (Q e ). Hereinafter, for a given domain Q , the symbol W 2 {Q), 
j = 1,2, stands for the subspace of Sobolev space Wf(Q) consisting of the functions with 
zero trace on dQ. For the similar subspace of the functions with zero trace on a curve 
S C S C Q, we shall employ the symbol W 2 (Q, S'). 

In this paper, we study the structure of the spectrum of H s as e —> +0. Our hrst main 
result states the norm resolvent convergence for H £ as e —> +0, and, in particular, it implies 
the convergence of the spectrum. The limiting operator is 

Ho := -A + V 

in O subject to the Dirichlet condition. It is also introduced as associated with a sesquilinear 
form; the latter reads as 

(]o(w, v) : = (Vu, Vv) i2(n) + (Vu, v) L2m 
in L 2 (0) on the domain W 2 (O). 

By || • ||x->.y we denote the norm of a bounded operator acting from a Hilbert space X 
into a Hilbert space Y. 

Now we are in position to formulate our hrst main result. 

Theorem 1. For sufficiently small e, the estimate 

\\(H e — i) 1 — (Ho — i) 1 ||L 2 (u)^-w 2 1 (^e) ^ Ce\ ln£| 2 , 

holds true, where C is a constant independent of e, i is the imaginary unit. 

This theorem implies immediately the convergence for the spectrum of H e 0 , ch. vm, 
Sec. 7, Ths. Vffl.23, W.24]. 

Theorem 2. As e —)■ +0, the spectrum of operator H £ converges to that of Ho- Namely, if 
A is not in the spectrum of Ho, for sufficiently small £ the same is true for H e . And if A is 
in the spectrum of Ho, for each e there exists \ £ in the spectrum ofH e such that X £ —>■ A as 

e —> + 0 . 

Since operator H e is periodic, it has a band spectrum described via Floquet-Bloch de¬ 
composition. Namely, let 

% := {x : x L = 0, |x 2 | < e}, 7 £ + ; = {xx 1 = d, \x 2 \ < e}, T e := an \ U 7 +). 
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In II we introduce the operator 

n e (r) := -A + V 

subject to the Dirichlet condition on T £ and to quasiperiodic conditions 7 ^: 


i rd ni I 

du 


c iTd dU 

+ — ^ ^ — 5 

He he 

dx\ 

7 1 

dx\ 


(IL1) 


7s 


where r G [- 7 , 7 ) is the quasimomentum. As for operator "H £ , we define "H £ (t) as the 
self-adjoint operator in L 2 (n) associated with the sesquilinear form 

Ki u i v ) '= (Vu, Vi>) ia(n) + {V u ,v)l 2 (u) 

in L 2 (n) on the domain 

: = {u G I4 / 2 1 (n,r £ ) : the first condition in (III.ID is satisfied}. 

We introduce one more operator := —A + V in II subject to the Dirichlet condition; 
the associated sesquilinear form f ]^ 1 is given by the same expression as for hbut the domain 
is w%{ n). 

By cr(-), ( 7 e (•), Ud(-) we denote the spectrum, the essential spectrum, and the discrete 
spectrum of an operator. 

The spectrum of "H £ is described via that of % £ (t) 8 j: 


o'(K) = 1J (t(H e {t)). 

^[-3,5) 

Potentials A and V are compactly supported in II and in accordance with [|^]: 


(IL2) 


a e (U £ {r)) = a e {U\l) = [7r 2 ,+cx)). 


(II.3) 


Here we have also employed that domain n has two straight outlets at infinity. 

The spectrum of 7-L 0 is purely essential and it reads as 

a(n 0 ) = a e (n 0 ) = < 7 d «) U [tt 2 , Too) (II.4) 

and each discrete eigenvalue of "Hq 1 is an eigenvalue for "Ho of infinite multiplicity. 

In view of (III.2D . (III.3D . the spectrum of "H £ contains the band [n 2 , Too). It can also have 
additional bands generated by the isolated eigenvalues of "H £ (r) located below the threshold 
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of the essential spectrum. As e —> + 0 , these eigenvalues converge to the discrete eigenvalues 
of Tiff or to 7 r 2 , see (III. dll and Theorem [2l 

The second part of our paper is devoted to the eigenvalues of TL £ {t) converging to n 2 as 
e —> +0. In other words, we study the bands in the spectrum <j(TL £ ) close to 7 r 2 for small 
e. We shall see that the existence and structure of these bands are highly sensible to the 
existence of bounded solutions to the problem 


( — A + V — 7 r 2 ) = 0 in II, "00 = 0 on 511. (II.5) 


Let (r_, 6 L) be the polar coordinates associated with variables (—£ 2 , £ 1 ), and (r+, 9+) be 
the polar coordinates associated with (x 2 , d — X\). 

Denote 


«•»-g«» £«>•■■■ «• - 


where y 0 := (0,0), 7 ^ := (0,0). Our second main result is as follows. 


Theorem 3 . 1) Suppose that problem AIL 51) has no bounded nontrivial solutions. Then for 
sufficiently small £ and some 5 > 0 the segment [ 7 r — <5, 7r) contains no spectrum ofTL e {r) for 
each re [-%$). 

2) Suppose that problem AIL 51) has one nontrivial bounded solution satisfying 


<90o 

dx\ 



0 


dip 

dx\ 


(7o + ) 


0 o (x) = c 0 i ±sin 7 r(xi — a±) + 0(e x 2 —> ±cxo, 


(II.6) 

(n.7) 


where co,± are some constants obeying |co,+ | 2 + |co ,-| 2 = 1. Then for each r e [— 7 , 7 )? 
for all sufficiently small £ in the vicinity of tt 2 there exists exactly one eigenvalue A e (r) of 
TL £ {t). This eigenvalue is simple and has the asymptotics 


A e (r) = 7 T 2 - 7 r 2 |£ r ( 0 o )| 2 e 4 + 0(e 6 | lne|), e ->■ +0, (II. 8 ) 


where the estimate for the error term is uniform in r. 

3) Suppose that problem AIL 51) has two linearly independent bounded solutions ip{f\ 
1 , 2 , satisfying 


J = 


d*Po ] 


dxi 


(76 


0 




dxi 


(to 


(179) 
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ipo\x) = Cq\. sm7r(xi — a±) + 0(e x 2 —> ±oo, j — 1,2, 

where Cq± are some constants obeying 
i„C?) 1 2 


( 11 . 10 ) 


"OH 


+ I<#1| 2 = 1, 3 = 1.2, 


(i) (2) . m (2) 


c o,+ c o 


^ I _ n 

,+ w L 0,- L 0,~ u > 


( 11 . 11 ) 


and L t := , L' r := (£ , T (^ 1) ),£ , T (ip^ ) )). 

Then for each r G [— f,f), for all sufficiently small £ in the vicinity of n 2 there exist 
exactly two eigenvalues j = 1,2, o/77 e (r). Both these eigenvalues are simple and 

have the asymptotics 


A ®(r) 
M r ) := 


= 7r 2 — 7r 2 |L r | 2 e 4 + 0(e 6 \ 1iih|), e —> +0, 

= 7r 2 — p(t)£ 8 In 2 e + O(£ 10 | Ine:| 2 ), £ —> +0, 

7 r 2 (||L r ||2 2 ||L' T ||2 2 -|(L T ,L;) c2 | 2 ) 2 
' 16 \\L t \\% ’ 


where the estimates for the error terms are uniform in r. 


(H.12) 

(11.13) 


The above theorem gives us a nice opportunity to describe the band spectrum of Ti £ in 
the vicinity of 7r 2 . If problem (III. 51) has no nontrivial bounded solutions, operator Ti e has 
no spectral bands below 7r 2 . Namely, for some S > 0 in [7r 2 — S, 7r 2 ) there is no spectrum of 
TL e provided £ is sufficiently small. 

Once problem (III. 51) has one bounded nontrivial solution, eigenvalue A e (r) of operator 
TL £ (t) generates the spectral band S £ := [min A e (r), max A e (r)] for ‘H e (r). Asymptotics (III. 81) 

r r 

allows us to describe the behaviour of the end-points for this band: 


and 


min A e (r) =7r 2 — 7r 2 £ 4 max \£ T ('ifo)\ 2 + ln£|) 


=7T 


2 4 
77 £ 


difo 

dxi 



+ 


df>o 

dx\ 


(7o + ) 


+ 0(£ 6 ! In £|) 


max A e (r) =7r — 7r"£ 4 min + 0(s b | In £ |) 


2 2 4 

=7T —7T £ 


(7o i 


<9xi 


9-00 


cfel 


(7o H 


+ 0(£ 6 ! In £ |). 


are non-zero and 


In view of assumption (111.6(1 . both the quantities §y^(7o ) ± ) 

hence, band S e is separated from 7r 2 . It means that the presence of the small windows 





























coupling the cells in domain h2 £ turns the virtual level at 7r 2 into a small spectral band below 
7T 2 . We stress that this band disappear once e = 0. 

A similar situation happens if problem (III ,51) has two bounded non-trivial solutions. 
Eigenvalues X^\t), j = 1,2, generate two spectral bands := [min Xe\r), max A^(r)]. 

r r 

Asymptotics (III. 1211 implies 


mm 


inAW(r) = tt 2 - tt 2 £ 4 (||pi||^ 2 + ||p 2 ||^ 2 + 2|(p 1 ,p 2 )c 2 l) + 0(e 6 | ln^|), 
maxA^O) = tt 2 - 7rV(||pi||c2 + \\p 2 \H 2 - 2|(pi,p 2 )c 2 |) + 0(> 6 | lne|), 


(11.14) 


Pi ■ = 




d^o \ +x dip 0 


dxi 


dxi 


P2 ■ = 


( 2 ) 


dx\ 


'(7o ); 


dx\ 


-(To 


Band S £ is separated from 7r 2 thanks to assumption (III. 91) and the above asymptotics. 
It follows from (III. 131) that 


nun 


in A^(r) = 7r 2 — 7 t 2 £ 8 In 2 e max/i(r) + O(e 10 | lnej), 


max 


A f\r) = 7r 2 — 7T 2 e 8 ln 2 e min//(r) + 0(e 10 | lne|). 


We first observe that bands and Si 2 ' > do not intersect since the distance from to 
7 r 2 is of order 0(e 4 ), see (III. 141) . while similar distance for S £ ^ is at most 0(e 8 hi 2 £). If 
/i(r) > 0, band Se 2 ' 1 is separated from tt 2 . In distinction to the above discussed cases, 
function /i(r) can attain its minimum or/and maximum at the internal points of Brillouin 
zone [—~, apart from the center and the end-points. If it happens, band function A^(t) 
also attains its minimum or/and maximum in the internal points of the Brillouin zone. This 
is an interesting phenomenon discovered recently for elliptic operators with small periodic 
perturbations jlO] 


. Q, Q, 


13], 14J. The present paper provide one more example of a 


periodic operator with such property. The difference is that in our case the bands converge 
to the threshold of the essential spectrum of operator "Hq , not to a discrete eigenvalue. 

It should be also stressed that operator "Hq 1 can have also discrete eigenvalues below the 
essential spectrum. While the windows open, these eigenvalues generate spectral bands for 
operator T-L £ . Their structure and asymptotic behavior can be studied exactly in the same 
way as it was done in jfi] for a similar operator but with the Neumann condition. 
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III. NORM RESOLVENT CONVERGENCE 


In this section we prove Theorem [0 We let 

B k := {x : \x — ( kd , 0)| < 3e}, II A := {x : x — ( kd , 0) E II}. 


The first main ingredient of the proof is the following auxiliary lemma. 

Lemma 1. For sufficiently small e, for each u E v E IT} (Q e ) the estimates 

ll^ll^ {b*) ^ Ce | In^HMI^KQ), (III. 1) 

E II V “IIL«) < Ce 2 1 lne|||u||^ (n) , (III.2) 

IMIl 2 (-b*) ^ Ce IMIwRfi) (III.3) 

fcez 

hold true, where C is a constant independent of e, u, and v. 

Proof. We begin with proving (1III.3I) . In each B k we introduce rescaled variables f k : = 
= (aq — kd,x 2 )e~ 1 . Function v(f k ) := v(ef, k + kd,e £}) belongs to PT^-B^T), where 
Ri := {£ fc : |£ fc | < 3}, T := {£ : := 0, 1 < |£}| < 3}. And since v vanishes on T, we have 

the estimate 

INI l(B.) < C’||V 5 5J||l l(Bl) , (III.4) 

where C is a constant independent of v. Rewriting this estimate in variables x, we get 


\ v \\l 2 (b*) ^ Ce ||Vu|| i 2 ( B fc) 


(HL5) 


with the same constant C as in (1III.4I) . Summing up this inequality over fc 6 Z, we arrive 

at (1III.3D . 

We proceed to inequalities (IIII. ID . (MI. 2D . Since u is also an element of Wfffilf), it 
satisfies (IIII.5D . Then proceeding as in the proof of Lemma 3.2 in 15| . one can prove easily 
the estimate 

llVull^) ^ Ce 2 \ lne|||'u||^ 2 (S fe ) 


for some fixed 6 > 0, where constant C is independent of e, k , and u. The obtained estimate 
and (IIII.5D with v = u lead us to (Ml. 2D . (Ml. 3D . □ 
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Given / G L 2 { II), we let u £ := (U £ - i) \f, u 0 := (U 0 - i) \f. By xi = Xi(t) we denote 
an infinitely differentiable cut-off function being one as t < 2 and vanishing for t > 3. We 
also denote Xe( x ) := Xi(\ x ~ (fed, 0)|£ _1 ). 

By straightforward calculations one can check that the function v £ := u £ — Xe u o solves 
the equation 

{n £ - i)v £ = Xef + 9e, fie '■= ~2VX e ' Vlt 0 - Uo^Xe- 
We write the associated integral identity: 

- ill^llL(ne) = (. Xef,v E ) L2 (n e ) + (&,v e )i 2 C;n e )- ( IIL6 ) 

Let us estimate the right hand side of this identity. 

Function \ £ is non-zero only in Bf., and |V\y| ^ Ce _1 , |Ayy| ^ Ce~ 2 , where C is a 
constant independent of x and e, and v £ G W.\ (0 £ ), u 0 G Wf(fi). Then by Lemma [U we 
have the estimates 


\{Xefi v e)L 2 (n e )\ ^ G||/||L 2 (n)||u £ || / u Bk \ ^ C'e||?; £ || M/ i( ne ), (IH-7) 

and 

\(gs,v E ) L2 (n e )\ ^ Ce\hie\^\\u\\ W 2 {n) \\v £ \\ w i {ne) . (III.8) 

Hereinafter by C we denote various inessential constants independent of e, u , v e , f. 

By standard smoothness improving theorems we obtain 

IMI wim < CWflUny (III.9) 


It is also easy to make sure that 

eilvtT(n e ) ^ C\{\ £ {v £ ,v £ ) — IIi 2 (r2 e )| 


v. 


This estimate, (IIII.Gjl . (1III.7I) . (IIII.8D . (1III.9D yield 

Ikellw^Cns) < Ce] lne|^||/||x, 2 (n). 

In the same way how (IIII.8D was proven, we get 

\\XeU 0 \\w}(ne) < C'e|lne|3||/|| L2(n) . 
This inequality and (1III. 101) imply 

\K ~ u 0 \\ w i m ^ Ce | lne|5||/|| L2(a) 


(III.10) 


that completes the proof. 
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IV. SPECTRAL BANDS 

This section is devoted to the proof of Theorem [3] Our proof consists of three parts. In 
the first part we study the existence of the eigenvalues of 'H e (r) converging to n 2 as e —* +0. 
In the second part we construct formally the asymptotic expansions for these eigenvalues in 
the case they exist. The third part is devoted to the justification of the formal asymptotics. 


A. Existence 


We adapt the approach employed in [16|, Sect. 3,4] for studying a similar issue. In what 
follows we shall demonstrate only the main milestones omitting all the details borrowed 
directly from 16]. 

Denote II 0 := II D {x : |x 2 | < x|° + 1}, 11^ := II fl {cc : ±x 2 
supported in II 0 , we consider the boundary value problem 


±x 2 > x™ + 1}. Given / 6 L 2 (II) 


( — A + V — 7T 2 + k 2 )u = f in II, u = 0 on 911, 


(IV. 1) 


where A; is a small complex parameter. We shall seek the generalized solution to this problem 
behaving at infinity as 

u(x, k) = c±{k)e~ k \ X2 ' [ sin7r(xi — a±) + 0(e _v/37r2+fc2 ^ 2 ') , x 2 — > ±oo, (IV.2) 

where c±(k) are some constants. 

Let g G L 2 (II 0 ) be an arbitrary function which we continue by zero in II ^ ± . We consider 
two boundary value problems 

(— A — 7 t 2 + k 2 )v ± = g in n ± , v ± = 0 on dlT 11 , (IV. 3) 


and we solve them by the separation of variables: 

' l± (x,t,k)g(t) dt, t=(t i,t 2 ), 


n 

.*) = E / G : 

• 7=1 n± 


v ± (x, ft) = 


Gf(x,t,k) := - -(e- s ^ k)lxi ~ tl1 - e Ts ^ xl+tl) )smTTjx 2 sin7rjt 2 , 

where Si(k) := k, Sj(k ) := a/ n 2 (j 2 — 1) + k 2 , j ^ 2. As k = 0, we let 

Gf(x, t, 0) := ( — \x\ — ti| ± (xi + fi)) sin nx 2 sin 7r t 2 . 
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We introduce one more function: v := v ± in IP* 1 , v — 0 in 11°. 

We consider the boundary value problem 

— Aw = g + (-7T 2 — k 2 )v in II 0 , w = v on <9II 0 . (IV.4) 

This problem is uniquely solvable. 

Let %2 = X 2 (x 2 ) be an infinitely differentiable cut-off function equalling one as \x 2 \ < x?? 
and vanishing for \x 2 \ > x™ + 1- We construct the solution to problem fUV.ll) . (1IV.2I) as 

u(x, k) = X 2 (x 2 )w(x, k ) + (1 - X 2 (x 2 ))v(x, k). (IV.5) 

This function satisfies the required boundary condition and (1IV.2I) . Substituting (1IV.5I) 
into the equation in (1IV. 1 h and employing the equations in (IIV.3I) . ( 1IV.4I) . we arrive at the 
equation for g: 


(I + A 1 (k))g — /, 

A\(k)g := (w - n)(-A - tt 2 + k 2 )x 2 ~ 2Vy 2 ■ V(w - v). 


(IV.6) 


Reproducing now arguments from 16], one can prove the following statements. Equation 


(II V. fill is equivalent to problem (IIV.R . (IIV.2I) . Operator Ai is compact in L 2 (II 0 ) and is 
holomorphic w.r.t. k. If problem (1II.5D has no nontrivial bounded generalized solutions, 
the inverse operator (/ + A\(k))~ l is bounded for all sufficiently small e. If problem (III. 51) 
has nontrivial bounded generalized solutions described in the formulation of Theorem [3] the 
inverse operator (/ + Ai{k))~ l has a first order pole at k = 0: 

(/ + Ai(k)) 1 = qr(-, ^o)l 2 (u 0 ) + A 2 (k), 


provided problem (III. 51) has one nontrivial solution satisfying (III. 71) . and 


(/ + Ai(k)) 1 — - ^ n°) + A 2 (k), 


3 =1 


provided problem (III. 51) has two nontrivial solutions satisfying (III. 101) . Here A 2 (k) is a 
bounded operator in L 2 (I\°) holomorphic w.r.t. small complex k, and go. G L 2 {Ii {) ) are 
the functions generating the above mentioned solutions -0o, ) of problem (III. 5[) by formula 
PV-50 with g = g 0 , g = g^ ] . 
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We proceed to the eigenvalue equation TL £ {t), which we write as the boundary value 
problem 

( —A + y)^ = (7 T 2 -k 2 )A in n, ^ = 0 on V £ , (IV. 7) 

with boundary conditions (III.111 . At infinity, we again assume behavior (1IV.2I) . Then the 
eigenvalues of 'He(r) correspond to values k with Re A; > 0, for which problem (1IV.7H . (1IV.2I1 
has a nontrivial solution. 

Problem (IIV.7I) . (IIV.2H can be also reduced to an operator equation like (IIV. 6 H ; one just 
should replace problem (1IV.4I) by 

—A w £ = g + (-7T 2 — k 2 )v in II 0 , w e = v on <911° \ ( 7 ” U 7 +) 
with boundary conditions (III. 111 . The corresponding equation in 72(11°) reads as 


(I + A 3 (k,e,r))g = 0, (IV. 8 ) 

where As(k,£,T ) is a compact operator in 72 ( 11 °) holomorphic w.r.t. k for each r and e. It 
is dehned by the same expression as A\{k). 

Proceeding as in the proof of Theorem [T] it is easy to make sure that 

IK ~ Hlw^no) ^ C'e|lne|s||^|| i 2 ( no ) , 

where C is a constant independent of e, r, and g. This estimate and the definition of A 3 
yield the estimate 

11^4.3 — “4i||L2(n 0 ^L 2 (n 0 )) ^ Ce\ lne| 2 , 

where C is a constant independent of e and r. Then arguing as in 16], one can prove the 
following lemma. 

Lemma 2 . 1 ) If problem 177 51) has no nontrivial bounded solutions, for sufficiently small e 
and some 5 > 0 the segment [it — 5, n) contains no spectrum of aifHf). 

2) If problem HI. ,51) has nontrivial bounded solutions, there exists k = k e —» 0 for which prob¬ 
lem |f IV. 7| ), MV A) has a nontrivial solution. The total amount of such linearly independent 
solutions associated with all k £ coincides with the number of nontrivial bounded solutions to 
problem 1/751) . 

As we see, the first part of Theorem [3] is proven and it remains to study the case when 


problem (III. 511 has nontrivial bounded generalized solution(s). In the next subsection we 
construct the asymptotic expansions for aforementioned values of k £ and we shall show that 
the associated nontrivial solution to (II V. 711 . (1IV.2|) is an eigenfunction of TL e {r). 
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B. Asymptotics 


In this subsection we construct asymptotic expansions for values Ay, for which problem 
(1IV.7I) . (IIV.2I) has a nontrivial solution. Once we know the asymptotics, we shall check 
whether Re Ay > 0, and if so, in accordance with (1IV.2I) . the associated nontrivial solution 
to (HV.7j) is an eigenfunction and 7 r 2 — k 2 is an eigenvalue of 'H e (r). 

First we construct the asymptotics formally and then we shall discuss the justification, 
i.e., how to estimate the error terms. The formal construction is based on the combination 
of the method of matching asymptotic expansions 17] and the approach suggested in |18|. 

We shall demonstrate the formal construction for the case when problem (III. 51) has two 
nontrivial solutions satisfying (III.101) . The case of one nontrivial solution is simpler and can 
be treated in the same way. 

In accordance with Lemma [2j there are two linearly independent nontrivial solutions 
j = 1, 2, to problem (IIV.7D . (IIV.2D associated with one or two values k £ —> 0, j — 1, 2. By 
analogy with |b, Lm. 3.1], one can make sure that there exists a unitary 2x2 matrix with 
entries a^- = a^r ) such that the functions 'Fq' ) (x,t) = an{r)^\x) + ai 2 {r)'ip ( ^\x) satisfy 

(III.101) . (III. Ill) and 

£ t (Tq 1 ' ) ) 7 ^ 0 , £ r (To 2 ' ) ) = 0 for each r G 

We assume the following ansatzes for ki J> and 


71 71 

'I'd 


(IV.9) 


ke\r) = £ 2 k%\r) + £ 4 (/4 j) (t) + k^\(r) lne) + ..., (IV.10) 

, ipe\ x i r ) = \ x ) + £2 ^ 2 \ x i t ) + £ 4 (^4 \x, r) + r) lne) + ... (IV.11) 


The latter ansatz will be used outside a small neighbourhood of 7 ^, and in what follows, 

this ansatz will be referred to as external expansion. Hereinafter by .. ” we indicate lower 

order terms. 

We substitute (1IV.10D . (IIV.11I) into (IIV.7I) . equate the coefficients at the like powers of e, 
and replace 7 f by Jq. It leads us to the boundary value problems for : 

( - A + V - 7 t 2 )^ = 0 in n, V® = 0 on dU \ ( 7 ^ U %), (IV.12) 

(- A + V-tt 2 )^] = 0 in n, = 0 on dU \ (7+ U 7 ^), (IV.13) 

( - A + V - 7 T 2 )+ (ki j) ) 2 ¥ 0 j) = 0 in n, 

Ti y) = 0 on «9n \ ( 7 +U 7 ^), 


(IV.14) 
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Let us describe the behavior of functions at inhnity. In order to do it, we 

employ the approach suggested in [l^ |. 

In n ± , equation (1IV.7I) becomes equation (1IV.3|) with g = 0 and thus, 


T^(x, r) = ^ b^ !± \e, r)e :fSp( ' k ^ ) ^ X2 sin 7 rp(x 2 — a±), 
p =i 

where bp’^^e, r) are some constants. Similar to (HV.lOjh we assume that 

^(e, r) = + £ 2 b^f{r) + e 4 ( 6 ^f } (r) + b^(r) lne) + ..., 


(IV. 15) 


(IV.16) 


where bfy q are the coefficients for 'Lg in the expansion (IIV.15[) with k £ = 0, £ = 0. In 


,± -^efficients for ” 

particular, fcj’g = Cq±, see (III. 101) . 

We substitute (1IV.16D and (1IV.10D , (1IV.11D into (1IV.15I) and expand the right hand side 
into asymptotic series as e —> +0 for each fixed x. Then we compare the coefficients at the 
like powers of e and In e in both sides of the obtained identity: 

^2 \ X , T ) =( b i,2 ± \ T ) =F b i’t\ r )^2\ r ) x 2) sin7r(xi - a±) 


+ ^ e = F sp(o)® 2 bp’^\r) sin7rp(xi — a±), 
p=2 

r) =(^4 ± i(r) T {T)k% t l(r)x 2 ) sin7r(xi - a±) 

OO 

+ ^ e Ts p ( 0 )x 2 ^L±)( r ) sin7rp(x 1 - a±), 

p=2 


(IV. 17) 


(IV.18) 


={b'? > f > (T)Tx 2 {k% , b l ? ) ? ) (T) + 

+ sin 7 r(xi - a±) 


,(j.±) 


O') l0">±) I 




(IV.19) 


+ £ e* Sp{0)x2 (b { pf ] {T) =F 2g 1 ( 0 ) fe? ) (^)^ 2 ^o ±) (^)^ sin7rp(xi - a±), 

P—2 ^ 

as ±x 2 > zf. The above formulae describe the desired behavior at infinity for the coefficients 
of the external expansion. 


At points 7 {f, functions are to have singularities. The reason is that in 

the vicinity of 7 ^ the asymptotics for is constructed as an internal expansion. And in 
accordance with the method of matching asymptotic expansions, the external and internal 
expansions are to be matched [l7]. It generates the singularities for functions 
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which we apriori introduce right now: 


^ 2 j \ x ,T) =ai± (r)r± sin0± + Oii±(r)r± sin d 


.,0-2)/ 


0 - 2 )/ 


Ct { l’l ){T) (V( 0) -7T 2 ) 


(IV.20) 


r± In r± sin 4 + 


T^x, r) = ag±’ 1 \'r) r ± 1 sin$± + ..., (IV.21) 

^\x, r) = a^(r)r^ 3 sin 3 9± + c4'^( 7 ') r ± 2 S7n 2d± + a ^±H' r ) r ± 1 s i n #± ■ ■ ■, (IV.22) 


as r± —* 0, where cu^’ 1 ' ) are to be determined. In order to do it, we first observe that 

functions satisfy an asymptotics similar to (1IV.20D : 


d'g j) (x, r) =Oii ± (r)r± sin 6 ± + a- 2 ’±(T)r'± sin 26> ± + sin 3d 


.,0-0) 


0,o)/ 


„0,o)/ 




+ ag? (r)r 3 sin 9± cos 2 9± + , r± —* 0, 


where 



p)\ TfO) 

/ 4 - \ 

'-t dXl (w>, 

«2 ;± ( r 


7 dx\ (7 »' T) ' 

<*44? 




dx\dx 2 

y (°) _7r * 0 >o) 


(IV.23) 


The above formula is just the Taylor expansion for at yjf and some of the coefficients 
are determined by equation (III. 51) for Tq J ^. 

We introduce the rescaled variables ^ := (Cm Of ), C~ := (—x 2 £~ 1 ,x 1 £~ 1 ), C + : = 
(x 2 e _1 , (d — xi)e _1 ). Then in ansatz (IIV.11I) . we replace \P 2 \ by their asymptotics 

(IIV.20D . (IIV.21D . (IIV.22D and rewrite the result in variables 


2 

„± 




^(X, r) = £$S(C ± , r) + £ 2 ^i(C ± , r) + e 3 In e$g )± (C ± , r) + £ 3 $gi(C ± , r) + ... 


-2 as 03 


0) 


~3<ti0) 


where 

s0) />± _..,0-0) 


$i!±(C ± , 7 ') := a^±{r)p± sind ± + a!f’±\r)p± sin Q± + a[ j ±\r)p ± 3 sin 30±, 

a^f } (r)(V(0) -vr 2 ) 


^±(C t ,'r) : = o^± ; ( r )P± sin20 ± , < h^l i± (C ± ,T) : = 


„0,o) 


0) 


P± sin6> ± , 


$ yi(C ± ,^) := Q! 3^±' , (' r )P± s i n 3^± + sin 2 9± cos9± + a 2 ±(r)p± sind 


., 0 - 0 )/ 


„0,o) 


0 - 2 )/ 


(IV.24) 


± 


«p± 2) (r)(V(0)-7T 2 ) ( . 4) 4 

H--- p± In p± sm 9± + otz’± \j)p± sin 9±, 


where p± := |C ± |- In accordance with the method of matching asymptotic expansions, the 
above identities yield that the internal expansions for in the vicinities of should read 
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as 


Vi J \x , r) = £0[ J i(C ± , r) + t) + £ 2 Ine 41±(C ± , r) + £ 3 <ft ft, r) + ... (IV.25) 


-2 /(j) /a± 


(?) 


/A± 


and its coefficients should satisfy the asymptotics 


^°±(Cft = ft±(Cft + • • ■, C^oo, C2 > 0 , C = (Ci,C2)- 


sO') 


(IV.26) 


We substitute (1IV.25|) . fllV.lOD . (HV.llj) into (II V. 711 . (III.1|) . pass to variables (±, and equate 
the coefficients at the like powers of e and In £ that gives the boundary value problems 

A c fti = 0, C 2 > 0, 


ft I =e iT ft (i) | , 

171 l7l 7 


ft 


hl ri = °. 

(?) 

ti,+ 


ft 


= —e 


ird 


ft£ J l 


71 


ft 


(IV.27) 


71 


71 := K : ftl < 1, Ct = 0}, r x := 0(1 \ 77 

for t] = l, t| = 2, h| = 2,1, and the problem 

a c 4!1 = ( v ( o > -< 2 > 0 , 




71 


= e 


vrdAj) 




3,H 


3, | 7l > 


dC,2 


= —e 


|n _ °> 

ird 5 ^- 


71 


ft 


71 


Equation in (1IV.27|) for has an explicit solution satisfying the boundary condition 
on T): 

0?l(c, r) = ftftr) C2 + /3gt 2 V) Irn ft^l, * = Ci + ft, (IV.28) 

where $± are some constants and the branch of the square root is fixed by the restriction 
y/l = 1. To satisfy the desired boundary conditions on 7 1; the above constants should satisfy 
the identities: 

ft2) = girftft ftl) = _ e iTdgOft (IV.29) 

Extra two identities appear by comparing (1IV.28I1 and asymptotics (1IV.26I) . (II V. 2411 : 


a 


(?, 0) 


_ « 0 ' 4 ) , q(J , 2 ) 

,± — Pl,± + Pl,± • 


(IV.30) 


These identities and (HV.29j) yield the formulae for constants ftft 


_,(?>°) _ _,C7j°) p —ird 

o(j.l) _ Q 1 ~ °V+ e 

' 1,— Q 


G?\0) 


a 


1,- 


= 4 ^ + 


„0i°) — ird 

1,4- e 


/**> = 


0’,°) 1 0’,°) ird 

o( 3.2) «1,+ + «1 e 

Pi,4 — 


(IV.31) 


2 


2 
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Formulae (1IV.28[) and (1IV.26|) determine also a\ 3 '± and a[ 3 ±: 


tfO, 2 ) q 

O',2) _ P 1,± ^ 0,4) _ 3P 1,± 

a l,± ~ ~ 


O',2) 


OL\ I — 


") u l,± 


Function (X{[ ± is found exactly in the same way: 


0V±(C, r ) = ^(/ ? yi!i(^)C 2 + AfX (r) Im \/^ 2 - 1), 


where 


0,1) „,0,2) 0,2) —ird 


PRl ■= <- - a 


i,+ 


>0,1) ^0.2) 

J 2,l,+ 


/^2J,+ a r,+" 


0,2) ^ird 

1 ,- 




/3fl 2 + : = a i,+ + “i,- e 


0,2) ird 


Function <XX± can also be written explicitly, namely, 

<^±(C, r) = 2 aX±(r)(Z + A 2 SVX 2 WvX 2 - 1, 


where 


e i} = 


a 


0,o) 

2 ,- 


cu^+ ) e iTd 


a. 


0,o) 

2 ,+ 


Q. 


0,0) ird 
2,- e 


rvO',0) , 0,0) ird 

o0,2) _ a 2,~ + a 2,+ e 

' 2 ,— Q 


40 = 


Q/b’O) i a 0,0) ird 
o0,2) _ a 2,+ ^ a 2,- c 
c^2,+ r> 


In particular, it determines a 


O', 4 ). 

2 ,± • 


^0,4) _ 

a 2,± — 


A 


0 , 2 ) 

2 ,± 


And finally, we are able to hnd explicitly XiX 


^i(C, T) =^± i; (r) W + (r) Im (^ 2 - l) a + 

iA g » (T)c?C2+ d|M Im ^ 
A^V) 


>0,1) 


0 , 2 ) / 


£2 Re ( 2 Vz 2 — 1 — In 


+ yfz 


+ A±’( t )C 2 + 42V) Im 


(IV.32) 


(IV.33) 


(IV.34) 


)) 


where fXt± are some constants. And as for function cj)±±, coefficients (3%± are determined 
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by the boundary conditions on Xi and asymptotics (II V. 261) . (IIV.27D : 


It yields 


aV = 

= 

Pa? = 

ft 0 -' = 


„(j.O) 


0 ) 0 ) ^—ird 


a 3- a 3,+ e 


+ a^e 1Td 


0> 2 ) _ (ft 2 ) p —ini 

(j,3) _ a 2- a 2,+ e 


Aft 2 ) _i_ 

0,4) _ a 2- + a 2,+ e 


^ 0 ,°) 

«0,1) _ 3,+ 

0*3,4 ~ 

.,0,o) 


a { i ,G) e 1Td 


0 ) 0 ) 


? 0,2) _ a 3,+' + a 3,- e 


at = 

Ak 2 ) _ ^O, 2 ) ird 

o0,3) _ Q 2,+ tt 2,- e 

' 3,+ C) 


, . n,b’ 2 ) _,0, 2 )„ir(i 

flO, 4 ) _ “ 2 ,4 ^ “2,- e 

/°3,4 — 


40 O, 4 ) _ q«(a 2 ) 
0,4) _ 4 P3,± 


«3,± = 


(IV.35) 


(IV.36) 


Thus, for the coefficients of the external expansion we have problems (1IV.12I) . (1IV.13I) . 
(IIV.14I) . (IIV.17I) . (1IV.18I) , (1IV.19I) , (1IV.20I) . (IIV.21I) , (II V. 221) . To study the solvability of these 
problems, we shall make use of the following auxiliary lemma. 

Lemma 3. Let a function f G L 2 (II) be compactly supported in II. Then the problem 


(—A + V — n 2 )u = f in II, u = 0 on 511, 


(IV.37) 


has a generalized solution bounded at infinity if and only if 


o = 0 . 


(IV.38) 


n 


This solution is unique up to an additive term CiII/q 1 +C' 2 ^o 2 , C*i, C 2 ore arbitrary constants. 


The proof of this lemma is based on rewritin g pr oblem (II V. 371) to equation (IIV. 6 I) and 
proceeding then as in the proof of Lemma 4.7 in 19]. 

Let us study the solvability of the problem of By X 3 ,± — X 3 ,±i x ) we denote infinitely 
differentiable cut-off functions equalling one in a small neighborhood of points 7 ^ and van¬ 
ishing outside a bigger neighborhood. By X 4 ,± — X 4 ,±( x 2 ) we denote infinitely differentiable 
cut-off functions equalling one for ±x 2 > xff + 1 and vanishing as ±x 2 < x'fi. 

We construct function as + H / 2 \ 

'l^Xjr) =& i '-\ t ) x 3 -(x)rl 1 sin$_ + (r)x 3i _|_(a:)r^ 1 sin$ + 

+ { b ifl\ r )X4,-(x 2 ) - ^o +) (r)X4,4-(^2))^2sin7r(a;i - a±). 
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Then for we obtain problem (1IV.37[) with f^) = (A — V + n 2 )^^. We write solvability 
condition (1IV.38I) for such / as 


fTFr(P) 


lim / /T 0 dx = 0, := {x : |x 2 | < -R, \x - 7g | > 5}, p=l,2. 

R—t + oo I 
5^+0 J 

iLR,5 

Integrating twice by parts in the above integrals and passing to the limit as R —> +oo, 
6 —> +0, we arrive at the formulae 


U)X. - O'TT I 


k^S jp = 27r + 


Here we have also employed normalization conditions fill.111) . Substituting identities (HV.30j) . 
(IIY.31I) . HIV.231) . we finally obtain formulae for : 


^2 :\t) =2n{0\'- {t) + j3[ ^ ; (r)a^ nr; e 1Td ) 


hi,2)/ x ,(j,0) 


(i, 2 ) / 


„(i,0)(T) ! rc ;\ 


= 7T 


<9T 


(i) 


-(To > r ) - 


«9T 


(i) 

0 /_.+ _\ — \rd 


'(7o > r ) e 


(IV.39) 


ctei ctei 

It follows from the above formula, fllV.Oj) . and the unitarity of matrix (a,j) that 

= 7r|L T | 2 7 ^ 0, 1 = 0 for each r G 


7T 7r 

d’d 


(IV.40) 


Function reads as 


= ¥ 2 j) + 


(IV.41) 


where is the partial solution to HIV. 12)) fixed by the restriction 


di,+)dp,+) , ifj-)iSp~) _ n n a _ i o 

u l,2 °1,0 ' u l,2 u l,0 u i VlJ — 

and are arbitrary constants. It follows from (1IV.41I) that coefficients ot 2 ± 

(IIV.20I) read as 


m 


a 


(3.2) _ -O’ 2 ) 


• 2 , ± = SS' + ClVf + C?'«iS'. (IV.42) 

where coefficients & 2 ± come from asymptotics (il V.20I I for 4'^ 1 In particular, it implies 


>0‘)_0'.°) 


$;± = $;± + c iW,± + c 2 & 


± > 


(IV.43) 


v,(i,2) , -0,2) —i-rrf 

,50,4) _ a 2,~ + a 2,+ e 

P 3,- — r, i 


X,(i> 2 ) i x(i> 2 ) p i rd 

flO.4) _ “ 2 ,+ + «2 - e 

V3,+ — 


2 


2 


(IV.44) 
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The solvability of the problem for is studied exactly as above and it yields the formula 
for 

3 (IV.45) 


uti) _ ^ ,(j) 

^4,1 — ■ 


The solvability of problem (1IV.14I) . (1IV.19I) . (IIV.22I) can be also studied as above; one 
just should introduce T 4 in an appropriate way, including in this function all the terms 
growing at infinity and all singular terms at 7 ^. The solvability conditions of this problem 
and identities P , P , jVJj , (HW331) . rflvm (1RT351) . pvm (fIVT2ll . (ITWTiT) 
imply 

+ c?s 2p ) 


{k. 


0 )\ 2 


lim 

i?—>-+oo 



&o ) (z)Vo >, (x) dx - R(b ^o “ 6 ft ; 6 ft 


>(p)/ 




(IV.46) 


=£ + 2/3 2 7>/3<7 ) + 9ft7>/3>7> + 


+ 4^(cF7f: 2, fth 2) + C“/?! 2 i 2) /3‘7 ) ), j, J> = 1,2. 

We observe that, thanks to (IIV.9D . (3 j 2 ! 2 ^ = 0 for each r £ [—^). Due to this identity and 
(1IV.40I) one can easily make sure that equations (1IV.46D (w.r.t. k[ j \ C[ j \ df ' 1 ) are solvable 
once we let := 0, C^ := 0. I 11 particular, as j = p = 2, we can determine k^ 2> : 

Jfef= Trl/3^1 2 . 

Employing (IIV.33p . (II V. 231) and proceeding as in the proof of Lemma 3.1 in jo], we arrive at 
the final formula for k^ 2 ' 1 : 


D 2 ) r ._ 7 r || L T ||^|| L ; n ^ -|( l t , l ;) c2 | 2 

4 ^ J ~ i-imi2-■ 

4 11^1102 


(IV.47) 


C. Justification 


In this section we discuss the justification of the asymptotics constructed formally in the 
previous section. As the justification, we mean proving estimates for the error terms. The 


scheme of the justification is borrowed from 


18 


, Sect. 4], As in the previous section, we 


dwell on the case of two non-trivial solutions to problem (III. 51) . The case of one solution can 
be treated in the same way. 
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First we observe that following the lines of the previous subsection, we can construct easily 
complete asymptotic expansions for ke, j = 1,2, as well as for the associated nontrivial 


solutions of problem fill. 51) . 

Reproducing word-by-word the arguments of ij], Subsect. 4.1], one can make sure that 
these formal asymptotic series provide formal asymptotic solution to problem (IIV.71) . 

At the next step we consider the boundary value problem 

(—A + V — 7r 2 + k 2 )u e = / in II, u £ = 0 on <9IR, 


with boundary conditions (III. II) and for u £ we assume behavior (IIV.2j) at infinity. Here k is 
a complex parameter ranging in a small fixed neighborhood of zero, and / is an arbitrary 
function in L 2 (n) supported in n°. As in Subsection IV. A, the above problem can be 
rewritten to the operator equation 

(I + A 3 (k,£,T))g = /, 

where A 3 is the operator introduced in flIV.81) . Proceeding as in |3, Subsect. 4.2], one can 
show that the solution to this equation obeys the representation: 

2 

g = Z ] Aa(Pq ' 1 + VUVl 2 /, 


3 = 1 


where 


A 4 : — (I + V1 2 -4e 




Zx 


= (kE + M) 


-1 


A 5 : — A 3 — A \, 

F\\ I 1 0 

E : = 


Z 2 ) \f 2 i \ 0 1 

(A 5 A4(j) 0 ^,^^^(n 0 ) (A 5 A44>q\'i/jq 1 ' 1 )l 2 (u°) 


M : = 


{A^A44>^\'^ ( o ) ) L2 {u 0 ) V’o^.Mn 0 ), 

Fj '■= (/)^o^)i2(n°) — (vAsVUVh/, ^o J ^2(n°)- 


Employing this representation and following the lines of 18|, Subsect. 4.3], one can get the 
desired estimates for the error terms. 

As it was said in the beginning of Subsection IV.B, if the real part of ke is positive, 
it generates a discrete eigenvalue of H £ (t) by the rule A = n 2 — (k 9 ^) 2 . It follows from 
(IIV.9I) . pV.39|) . flIV.45p . flIV.47D that Re ki J) > 0, j = 1, 2, for sufficiently small £ and hence, 
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A ¥\t) = 7r 2 — (k^\r)) 2 are the discrete eigenvalues of 'H e (r) below the essential spectrum. 
In view of ( 1IV.10I) . the associated values ke(r) do not coincide and hence, by Lemma [2], 
both these eigenvalues are simple. The proof of Theorem [3] is complete. 
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